
Probabilistic Graphical Models
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Learning MRFs
Contrastive Divergence

Learning CRFs



MRF Log-likelihood
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A B C

Data:

X1 = (A1, B1, C1)

X2 = (A2, B2, C2)

                 :

Xm = (Am, Bm, Cm)

Pθ(A, B, C) = 1/Z  ψɑ(A,B)  φβ(B,C),         θ = (ɑ,β)

Z(θ) = Z(ɑ,β) = ΣA ΣB ΣC  ψɑ(A,B)  φβ(B,C)

ll(ɑ,β) = Σi  log Pθ(Ai, Bi, Ci)

= Σi    -log(Z) + log(ψɑ(Ai,Bi)) + log( φβ(Bi,Ci))

= - m  log(Z) + Σi  log(ψɑ(Ai,Bi)) + Σi  log( φβ(Bi,Ci))

= - m  log(ΣA ΣB ΣC  ψɑ(A,B)  φβ(B,C)) 

     + Σi  log(ψɑ(Ai,Bi)) + Σi  log( φβ(Bi,Ci))



MRF Log-likelihood
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A B C

Pθ(A, B, C) = 1/Z  ψɑ(A,B)  φβ(B,C),         θ = (ɑ,β)

ll(ɑ,β)  = - m  log(Z) + Σi  log(ψɑ(Ai,Bi)) + Σi  log( φβ(Bi,Ci))

= - m  log(ΣA ΣB ΣC  ψɑ(A,B)  φβ(B,C)) + Σi  log(ψɑ(Ai,Bi)) + Σi  log( φβ

(Bi,Ci)) g(ɑ, data) h(β, data) f(ɑ, β)
entangles parameters  



MRF log-likelihood - Exponential form
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MRF log-likelihood - Exponential form
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Positive and Negative forces 
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Log-linear models
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log-linear models
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log-linear models
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Example: Pairwise MRFs
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Example: Pairwise MRFs
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Example: Pairwise MRFs

12



Example: Pairwise MRFs
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Optimize Log-linear models
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Learning MRFs, log-linear models
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Learning MRFs, log-linear models
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Learning MRFs - General Case
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Recap
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Recap
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Recap
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Gradient Ascent
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Gradient Ascent
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Learning By Sampling
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Positive and Negative Forces
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MCMC-based learning

25Goodfellow et al. "Deep Learning," MIT Press, 2016, Chapter 
18



Contrastive Divergence

26Goodfellow et al. "Deep Learning," MIT Press, 2016, Chapter 
18



Persistent Contrastive Divergence

27Goodfellow et al. "Deep Learning," MIT Press, 2016, Chapter 
18



Learning CRFs - Conditional Likelihood
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Learning CRFs
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Learning CRFs
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Learning CRFs
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Learning with Shared Parameters
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